This is a companion paper of "Finite Euclidean graphs and Ramanujan graphs" by the same authors. Finite analogues of the Poincaré upper half plane, i.e., finite upper half plane graphs, were studied by many researchers, including Terras, Evans etc. Finally, it was proved by combining works of A. Weil, P. Deligne, R. Evans, H. Stark, N. Katz, W. Li and many others, that the finite upper half plane graphs of valency q + 1 over the finite field F q are all Ramanujan graphs. In this paper, we obtain further examples of families of Ramanujan graphs, by using previous works on association schemes and the calculations of their character tables, which are in some sense analogues of the finite upper half planes over finite fields, i.e., finite versions of non-Euclidean spaces. A key observation is that in many (but not all) cases, we can obtain a sharper esitimate |θ| ≤ 2 √ q − 2 on eigenvalues, instead of the original |θ| ≤ 2 √ q, which was proved by Katz. We combine this observation with the ideas of controlling association schemes and the Ennola type dualities, in our previous papers such as Bannai-Hao-Song (J. Combin. Theory Ser. A 54 (1990) 
Introduction
The finite upper half planes over finite fields F q have been studied by many authors. When q is odd, they are defined as follows (see Terras [19, Chapter 19] for details). Namely, let δ be a non-square element of F × q , and we define the finite upper half plane H q by
The projective general linear group PG L(2, q) acts transitively on H q by the fractional linear transformation: (2, q) and z ∈ H q . Group theoretically, H q is the homogeneous space PG L(2, q)/Z q+1 , where Z q+1 is a cyclic subgroup of order q + 1, and this is identical to G L(2, q)/G L(1, q 2 ). Also note that the pair (PG L (2, q) , Z q+1 ) is a Gelfandpair, namely, the permutation character of PG L(2, q) acting on PG L(2, q)/Z q+1 is multiplicity-free, or equivalently, the associated association scheme is commutative (we refer the reader to [1, 2] for the background in the theory of commutative association schemes). In fact, this particular association scheme satisfies the stronger condition that it is symmetric. For odd q, the character table P 1 of the association scheme corresponding to PG L(2, q)/Z q+1 is described as follows:
The entries ψ i j are elements of Q(ζ q−1 ) ∪ Q(ζ q+1 ), where ζ n = exp(2π √ −1/n), and it is known that they are expressed by using power sums and Soto-Andrade sums (see [19, ).
A regular graph of valency k is called Ramanujan if all eigenvalues θ such that |θ | = k satisfy
By combining works of A. Weil [20] , P. Deligne, R. Evans [9, 10] , H. Stark, N. Katz [11, 12] , W. Li [14] and many others, it was proved that the finite upper half plane graphs of valency q + 1 over the finite field F q are all Ramanujan graphs, that is, we have
for all 1 ≤ i ≤ q − 1, 1 ≤ j ≤ q − 2.
Here, we give an example of an interesting family of multiplicity-free permutation groups, or commutative association schemes which are close relatives of the finite upper half planes over finite fields. Namely, we consider the homogeneous space PG L(2, q)/Z q−1 , where Z q−1 is a cyclic subgroup of order q − 1. Strictly speaking, it is known that the permutation group PG L(2, q) on PG L(2, q)/Z q−1 is not multiplicityfree (hence the associated association scheme is not commutative), but if we take
) where D q−1 is a dihedral subgroup of order q − 1, then the permutation group G on G/K is multiplicityfree, and moreover, the associated association scheme is also symmetric. The association scheme G/K is of class q + 1, while the association scheme PG L(2, q)/Z q+1 is of class q − 1. The character table P 2 of the association scheme G/K is of the following form (see [7, 13] ):
Note that the same quantities ψ i j appear in both character tables. This is not an accident, but is a phenomenon called Ennola type duality, and was observed and explained in Bannai et al. [7] . In general, the graphs of valency q − 1 attached to G/K , i.e., the graphs of valency q − 1 whose edge sets are orbits of G on G/K × G/K , are not Ramanujan (all the eigenvalues of these graphs appear in the corresponding columns of P 2 ). However, it is easy to see that if the condition
is satisfied for a fixed j ∈ {1, 2, . . . , q − 2}, then the graph of valency q − 1 corresponding to the column of P 2 is Ramanujan. As we will see in Section 8, our computer experiments show that for odd primes p < 500, this condition is satisfied for approximately 90 percent of cases of j . Therefore, we obtain many Ramanujan graphs with valency p − 1. Later, for q = p r with r odd, we will prove a rigorous (but easy) result |ψ i j | < 2 √ q, which is weaker than |ψ i j | ≤ 2 √ q − 2, but better than the previous bound (3) (although we have assumed (3), see Lemma 2.1). We will use this result to obtain many other examples of families of Ramanujan graphs. See Theorems 2.2, 4.2 and 6.1.
The remaining part of the paper is devoted to showing that essentially the same methods work for far wider classes of association schemes. Namely, we consider all the association schemes considered in papers [5, 6, 17] , and obtain many examples of families of Ramanujan graphs. Note that a similar problem was treated for finite analogues of Euclidean spaces in the companion paper [8] by the same authors.
Note that, by our constructions, we have only finitely many such graphs for each fixed valency, and so this does not give the answer whether we can construct infinitely many Ramanujan graphs with a fixed valency (cf. [15] ). However, we still believe that the constructions of many examples of Ramanujan graphs given in this paper are interesting even if the valency is not fixed. In passing, as an immediate consequence of Bannai and Ito [4] on the spectra of distance-regular graphs, we will show that for each k ≥ 3, there are only finitely many Ramanujan distance-regular graphs with valency k. 
For each element x of V , we denote the 1-dimensional subspace containing x by [x] . Let Θ be the set of all non-square-type non-isotropic 1-dimensional subspaces of V , then we have |Θ | = 
where ν ∈ F q is a primitive element of F q , A denotes the transpose of a matrix A, and S is the matrix of the associated bilinear form of Q:
is a dihedral subgroup of order 2(q + 1), which is a quotient association scheme of PG L(2, q)/Z q+1 (see [2, Section 2.9] ). In particular, the character tableP − of X(O 3 (q), Θ ) is described as
Up to a suitable permutation of the columns of the matrix P 1 in the introduction, the entries χ i j are given by
for 1 ≤ i ≤ (q − 1)/2 and 1 ≤ j ≤ (q − 3)/2, and
It is known that if m > 1 then the character table
More precisely, it is expressed as follows:
Therefore, by (3), (6) and (7) we have
is Ramanujan if and only if q = 3, 5, or q = 7 and m ≥ 3.
Graphs obtained from the action of O 2m+1 (q) (q: odd) on the set of square-type non-isotropic points
We keep the notation in the previous section. Let Ω be the set of square-type
Then, O 2m+1 (q) acts transitively on Ω , and yields a symmetric association scheme
where we assume
. Namely, we havẽ
This is another example of Ennola type duality observed in [7] .
The character table
, Ω ):
The graphs (Ω , R i ) are not Ramanujan in general, but if q = p r with r odd, then we can still obtain many Ramanujan graphs from this association scheme. To see this, we need the following lemma which is a slight strengthening of (3).
Lemma 2.1. If q = p r with r odd, then we have
Proof. By virtue of (3), we only have to show
, where ζ n = exp(2π √ −1/n), and that N is the smallest natural number which satisfies this property. Since 
Proof. We prove (i). The graphs (Ω ,
Therefore,
is positive when m is large, so that satisfies (2). The proof of (ii) and (iii) are straightforward, hence omitted.
for a fixed j ∈ {1, 2, . . . , (q − 1)/2}, then the graph (Ω , R j ) is a Ramanujan graph. In the last section, we give computer experiments on this condition. O 2m+1 (q) (q: even) on the set of negative-type hyperplanes
Graphs obtained from the action of
In Sections 3 and 4, we consider the action of the orthogonal group O 2m+1 (q) (q: even) on the set of negative-type hyperplanes and on that of positive-type hyperplanes, respectively (note that the action of O 2m+1 (q) on non-isotropic projective points is not transitive).
Let V = V 2m+1 (q) be the (2m + 1)-dimensional vector space over the finite field F q (q: even), and Q : V F q the non-degenerate quadratic form on V with Witt index m:
Let Θ be the set of positive-type hyperplanes of V , then we have |Θ | = 1 2 q m (q m − 1) and the orthogonal group O 2m+1 (q) acts transitively on Θ . We denote the association scheme obtained from this action by X(O 2m+1 (q), Θ ). We describe the relations of X(O 2m+1 (q), Θ ) following [17] .
Let U, U be elements of Θ , and suppose that U ∩ U is non-degenerate. Then, there exists a vector w of U ∩ U such that Q(w) = 1 and
where w ⊥ is the orthogonal complement of w with respect to the associated bilinear
It is not very difficult to show that for any nondegenerate hyperplane W of U ∩ U , there exist two vectors u ∈ U and u ∈ U such that Q(u) = Q(u ), f (u, w) = f (u , w) = 1 and
Now, we define
Then, it is shown that ∆ ∈ F q \{0, 1} and the pair {∆, ∆ −1 } does not depend on the choice of W, u and u . Put
Then, the relations of X(O 2m+1 (q), Θ ) are given as follows.
where, as usual, ν is a primitive element of F q . In particular, X(O 2m+1 , Θ ) is a symmetric association scheme of class q/2 if m ≥ 2.
Since X(O 3 (q), Θ ) is isomorphic to the association scheme PG L(2, q)/D 2(q+1) , where D 2(q+1) is a dihedral subgroup of order 2(q + 1), it is a quotient association scheme of G L (2, q)/G L(1, q 2 ) . The character tableP − of X(O 3 (q), Θ ) is described as follows:
The values φ i j ∈ Q(ζ q−1 ) are explicitly calculated in [18] (see (14)). Evans [10] defined the finite upper half planes over the finite fields F q of characteristic 2 which are identical to the homogeneous spaces G L(2, q)/G L (1, q 2 ) , and showed that the finite upper half plane graphs of valency q + 1 are Ramanujan for even q as well, using a result of Katz [12] . This implies
for all 1 ≤ i ≤ (q − 2)/2 and 1 ≤ j ≤ (q − 2)/2. For m ≥ 2, the character table P − of X(O 2m+1 (q), Θ ) is described as
From this table and (12), we have the following: 
Graphs obtained from the action of O 2m+1 (q) (q: even) on the set of positive-type hyperplanes
Assume that q is even. Then, the transitive action of the orthogonal group O 2m+1 (q) on the set Ω of positive-type hyperplanes of V = V 2m+1 (q), with respect to the quadratic form Q(x) = x 1 x m+1 + · · · + x m x 2m + x 2 2m+1 , defines a symmetric association scheme + 1) ). We define the "angle" ∆(U, U ) between two elements U, U of Ω such that U ∩ U is non-degenerate, in exactly the same manner as in the previous section. Then, the association classes of X (O 2m+1 (q) , Ω ) are given by
Clearly, X (O 3 (q) , Ω ) is isomorphic to the association scheme PG L(2, q)/D 2(q−1) , where D 2(q−1) is a dihedral subgroup, and the character tableP + of PG L(2, q)/D 2(q−1) is calculated explicitly in [18] . We can observe Ennola type duality also in this case. Namely,
The character table P + of X(O 2m+1 (q), Ω 2m+1 (q)) is controlled byP + : 
Proof. The proof is similar to that of Lemma 2.1, hence we omit the detail.
Finally, we obtain the following theorem. 
Graphs obtained from the action of O ±
2m (q) on the set of non-isotropic points In this section, we will see that we can obtain many Ramanujan graphs from the action of the finite (simple) orthogonal groups O ± 2m (q) on the set of non-isotropic (projective) points, which is considered in [5, . In order to keep this paper concise, we only deal with the action of O + 2m (q) with q even, but the other cases are similar. Assume that q is even. Let V = V 2m (q) be the 2m-dimensional vector space over F q , and Q + : V F q be the non-degenerate quadratic form on V with Witt index m: 
where ν ∈ F q is a primitive element of F q . In particular,
, Ω ) is a symmetric association scheme of class q. The valencies k i of the regular graphs (Ω , R i ) are given by
It is known that the character table
is controlled by that of the group association scheme of the special linear group SL(2, q), essentially by the replacementm−1 . More precisely, up to a suitable permutation of the columns, we have
where σ = exp(2π √ −1/(q + 1)) and ρ = exp(2π √ −1/(q − 1)). Note that unless q + 1 is prime, some of the entries −q m−1 (σ i j + σ −i j ) attain the absolute value 2q m−1 .
From this unless (q, m) = (2, 2) .
Graphs obtained from the action of U n (q) on the set of non-isotropic points
In this section, we consider the action of the simple unitary group U n (q) on the set of non-isotropic projective points.
Let V = V n (q 2 ) be the n-dimensional vector space over F q 2 (n ≥ 3), and H : V F q the canonical non-singular Hermitian form:
Let Ω be the set of 1-dimensional non-isotropic subspaces of V with respect to H . Then, we have
and U n (q) acts transitively on Ω . We denote the association scheme obtained from this action by X(U n (q), Ω ). The relations of X(U n (q), Ω ) are described as follows ([6, Section 1]).
where ν is a primitive element of F q . In particular, X(U n (q), Ω ) (n ≥ 3) is a symmetric association scheme of class q.
from which it follows that 
Concluding remarks
Remark 7.1. Bannai et al. [6, Section 2] showed that the character table P 2 in the introduction controls that of the association scheme defined by the action of the symplectic group Sp 2m (q) on the set of non-isotropic lines. However, when m ≥ 3, we generally do not obtain Ramanujan graphs from this action, and therefore, we did not treat this case here. Please note that for m = 2 we still obtain many Ramanujan graphs. Remark 7.2. We can show that for each fixed k ≥ 3 there are only finitely many distanceregular Ramanujan graphs, by the argument used in the series of papers [4] . In fact, by using the interlace property of the eigenvalues, it can be proved that if a distance-regular graph of valency k is Ramanujan, then the intersection array must have the following form:
and t is bounded by a certain constant which is determined by k. Then, Theorem 1 in [4] implies that there are only finitely many distance-regular graphs with such intersection array. Also, it is interesting to remark that the Ramanujan bound 2 √ k − 1 is also relevant in the study of the spectra of distance-regular graphs, see [3, 4] .
Computer calculations
As mentioned in the Introduction and Remark 2.1, the condition for a fixed j ∈ {1, 2, . . . , q − 2} ensures the existence of families of Ramanujan graphs. In this section, we give the results of our computer experiments on this condition. Let δ be a non-square element of F × q (q: odd), and let H q be the finite upper half plane as in the introduction. For z = x + y √ δ, w = u + v √ δ ∈ H q , define the "distance"
Then, the relations of the association scheme PG L(2, q)/Z q+1 can be described as [19, Chapter 19] ). The eigenvalues of these graphs are determined in [9, 16] . We evaluate the eigenvalues when q = p are odd primes, by using the computer package "M A G M A" (http://magma.maths.usyd.edu.au/magma). Table 1 is an example of our computer calculations. In Table 1 , α = α a and β = β a stand for the absolute value of the smallest eigenvalue and the second largest eigenvalue of the graph X 17 (3, a) , respectively. The last column indicates whether the condition ( * ) holds or not. All the other results (from p = 3 to 691) are available at the second author's homepage: http://www.math.kyushu-u.ac.jp/ ∼ ma299019/FUHP/.
Finally, we list in Table 2 the ratio of a ∈ F p \{0, 4δ} satisfying the condition ( * ), for all the odd primes p < 500. 
